Abstract. We consider a d-dimensional gas in canonical equilibrium under pairwise screened Coulomb repulsion and external confinement, and subject to a volume constraint (hard walls). We show that its excess free energy displays a thirdorder singularity separating the pushed and pulled phases, irrespective of range of the pairwise interaction, dimension and details of the confining potential. The explicit expression of the excess free energy is universal and interpolates between the Coulomb (long-range) and the delta (zero-range) interaction. The order parameter of the transition-the electrostatic pressure generated by the surface excess charge-is determined by invoking a fundamental energy conservation argument.
Introduction
The understanding of when and how phase transitions occur-i.e. instances whereby certain properties of a medium change, often abruptly, as a result of the change of some external condition, such as temperature, pressure, or others-is one of the most striking successes of classical statistical mechanics. Formally, phase transitions arise when a thermodynamic potential like the free energy F displays non-analytic point(s) as a function of one driving parameter, and can be classified according to the regularity of F at the transition point. First-order and second-order (discontinuous first or second derivative, respectively) transitions are amongst the most common textbook examples. Recently, a class of weaker transitions (third-order) of the pushed-to-pulled type has attracted much attention and has been investigated in a wealth of physics problems related at various levels to random matrices [1, 3, 7, 12, 13, 16, 19, 20, 21, 25, 29, 32, 36, 40, 41, 45, 46, 47, 48] .
The general setting can be formulated as follows. Consider a classical d-dimensional gas of N particles in canonical equilibrium at inverse temperature β, with positional energy
Here, Φ(x) is a pairwise repulsion kernel, while V (x) is a confining potential.
In the absence of further constraints, as N → ∞-which is simultaneously a thermodynamic and zero-temperature limit-the particles will arrange in an equilibrium configuration under the competing mutual repulsion Φ(x i − x j ) and global confinement V (x i ). The prefactor N in the external potential ensures that, for large N , both terms in the energy are of same order O(N 2 ), with the particles confined in a region of order O (1) . When N → ∞, the equilibrium configuration can be characterized by the density of the gas, which, under general assumptions [33, 8] , is the minimizer of the mean-field free energy functional at zero temperature
where the entropic term is absent. The quantity N 2 E[ ] is the 'continuum version' of the energy (1) . Hereafter, the densities (x) ≥ 0 are normalized to 1.
What does the minimizer of (2) look like, then? For isotropic kernels Φ(x) = ϕ(|x|) and radial confining potentials V (x) = v(|x|), the equilibrium density inherits the radial symmetry and is supported on a ball B R of radius R > 0. For example, the two-dimensional Coulomb gas, ϕ(r) = − log r, confined by the quadratic potential v(r) = r 2 /2 fills uniformly the unit disk (R = 1) in the complex plane, a fact that is known as the circular law for the Ginibre ensemble [27] of non-Hermitian random matrices.
What happens now if we instead force the gas within a smaller ball B R (of radius R < R ) than it would normally occupy if unconstrained? The gas will 'readjust itself' Figure 1 . TOP: In the pulled phase (R > R ) the volume constraint is immaterial. In the pushed phase (R < R ) the free energy of the gas increases as the gas gets more and more confined. At the transition R = R the free energy has a third-order singularity. BOTTOM: Order parameter of the transition: the pressure (in rescaled units) due to the excess charge on the surface of the gas. Here d = 2, a = m = 1 and
in a new equilibrium configuration with density R (x) supported on B R ⊂ B R , and its free energy will increase. Denoting by
the excess free energy (see Fig. 1 ), there is overwhelming evidence that generically
implying that the transition between the pushed and pulled phases of the gas is thirdorder (see Fig. 1 ). When Φ(x) = − log |x| (log-gas) and d = 1 or d = 2, this singularity has been established for quadratic confinements [1, 3, 16, 19, 20] (GUE and GinUE ensembles of random matrices and their β > 0 generalisations). Up until recently, singularities in the free energies due to volume constraints have not been systematically investigated in systems with repulsive interactions other than logarithmic. In a previous work [17] , we have proved that (3) holds true if Φ(x) is the d-dimensional Coulomb interaction for all d ≥ 1, and any convex and smooth potential V (x).
The ubiquity of this transition calls for a comprehensive theoretical framework, which should be valid irrespective of spatial dimension d and the details of the confining potential V , and for the widest class of repulsive interactions Φ. In this Letter, we provide a unified theory for the class of local interaction kernels Φ = Φ d satisfying
where
is the surface area of the unit sphere S d−1 (Ω 1 = 2, Ω 2 = 2π, Ω 3 = 4π, etc.) and a, m ≥ 0. The reason why this kernel is especially relevant is twofold: on one hand, (4) naturally interpolates between the Coulomb electrostatic potential in free space (long-range, for a = 1 and m = 0), and the delta-like interaction (short-range, for a = 0 and m = 1), while intermediate values a, m > 0 correspond to the Yukawa (or screened Coulomb) potential. On the other hand, the formulation of the problem in such general terms allows us to identify the previously elusive order parameter-a quantity that vanishes in one phase (pulled) but is nonzero in the other (pushed)-of this third-order transition: the 'electrostatic' pressure generated by the surface excess charge.
So far, the commonly accepted ground for a weak pushed-to-pulled transition to occur has been the existence of long-range interactions among the gas particles, this being also one of the main distinctive features of each and every random matrix-related instances of it. We show here instead that this ingredient is not at all needed.
The first task is to compute the constrained equilibrium density R (x) corresponding to the interaction kernel Φ d , which is the minimizer of the quadratic functional (2).
Constrained equilibrium measure
A variational argument determines the necessary Euler-Lagrange (E-L) conditions for R (x) to be a minimizer in the ball B R (see, e.g., [5] )
where the chemical potential µ(R) is a constant fixed by the normalization condition x|≤R R (x)dx = 1. Note that in the pushed phase supp R = B R . Physically, Eqs. (5) guarantee that the energy density
is constant (and equals µ(R)) within the support, and is larger outside it, so that moving any portion of charge outside the support of R (x) is bound to increase the total electrostatic energy.
How can the E-L conditions be used in practice? If the interaction kernel satisfies Eq. (4), then applying the operator D to both sides of the first condition (5) yields the
e. x in the support. Once the constrained equilibrium measure R (x) is known, its excess free energy
A couple of remarks are still in order. First, if the interaction kernel has strictly positive Fourier transform Φ d (k) > 0, as in our case, then the minimization problem above has a unique solution. Second, one can prove the absence, at equilibrium, of condensation of particles within the bulk, i.e. absence of δ-components. Condensation of particles, though not possible in the bulk, may however occur on the boundary of the support, and this phenomenon will be a crucial ingredient in the development of the theory.
We are now ready to apply this general formalism first to the case of long-range interactions (Coulomb gas, D = −∆) for a radial confinement V (x) = v(|x|), already discussed in [17] and included here to prepare the ground for a unified theory.
Coulomb interaction
Let Φ d (x) be the Coulomb electrostatic potential in free space, i.e., the solution of
In the unconstrained problem, the equilibrium density of the Coulomb gas is supported on the ball of radius R , defined as the smallest positive solution of R d−1 v (R ) = 1. In the pushed phase, instead, the equilibrium density in the bulk does not change, while the excess charge accumulates on the surface. Hence, the minimizer of the constrained problem is [17] R
and the excess charge c(R) is fixed by the normalization c(R)
See Fig. 2 . Note that c(R ) = 0, as it should. Eq. (7) expresses the well-known fact that, at the electrostatic equilibrium, any excess charge is distributed on the surface of a conductor, i.e. the boundary of supp R [31] . A direct calculation yields the excess free energy [17, Eq. (31) ], which can be interestingly cast in the appealing form
a quantity that directly involves the square of the excess charge c(r). From (9), since c(R ) = 0, one shows that indeed
The above findings prompt two important questions. First, would the third-order singularity survive if the range of the pairwise interaction were much shorter? And in that case, would the expression (9) still hold?
To investigate these issues, we now turn to a zero-range model in the same class as Eq. (4) for a = 0, which has the advantage of being exactly solvable too.
Delta-interaction
Consider now the case of a delta-potential
(This corresponds to D = 1.) The energy (2) associated to the system is a ThomasFermi-like functional
The E-L equations in this case are particularly simple, and the constrained equilibrium density is
where R -the edge of the support in the pulled phase-is determined by the condition that the gas density (11) vanishes at the surface R (R ) = 0, i.e. R is the smallest solution of µ(R * ) = v(R * ). The chemical potential is then fixed by the normalization condition, which yields
See Fig. 2 for a plot of the gas density in the pulled and pushed phases. The zero-range nature of the interaction forbids δ-components in the equilibrium measure, both in the bulk and on the surface (otherwise the energy (10) would diverge!). This fact casts serious doubts about the possibility to naïvely extend the formula (9)-derived for the Coulomb gas-to the delta-interaction case, as c(r) = 0 for the latter. We will come back to this issue later.
After elementary steps, we can write explicitly the excess free energy for the Thomas-Fermi gas as
Quite surprisingly, also in this zero-range model we find that F (R) has a jump in the third derivative at R = R * , i.e. F (R * ) = F (R * ) = F (R * ) = 0, while
(v (R * )) 2 < 0. Therefore, the critical exponent '3' is shared by systems with long-range (Coulomb) and zero-range (delta) interaction. This suggests that the third-order phase transition is even more universal than originally expected. Moreover, the form of (13) , when compared to (9) , strongly suggests that a deeper underlying principle-providing a comprehensive formula for the excess free energy valid for any range of the repulsive potential and in any dimension-should be within reach. To achieve this goal, we will now turn to the constrained problem for Yukawa (also known as screened Coulomb) interaction (4), which naturally interpolates between the Coulomb gas and the Thomas-Fermi gas. 
Thomas-Fermi a=0 m=1
Thomas-Fermi a=0 m=1 
Yukawa interaction

Writing equation (4) in Fourier coordinates
is the modified Bessel function of the second kind.
Finding the constrained equilibrium density R (x) is a considerable technical challenge, which we have managed to overcome. To the best of our knowledge, the general explicit solution of the variational problem for a constrained gas with Yukawa interaction is new ‡. The details of the calculation and its rigorous justification will be published elsewhere [18] . Here we will focus on the physical interpretation and consequences of our results, and will instead provide a derivation of the excess free energy by an energy conservation argument. This in turn will allow us to identify the electrostatic pressure as the order parameter of the phase transition.
Based on the analogy with the Coulomb and Thomas-Fermi gas (the Yukawa interaction being an interpolation between the two extremes), we expect that the equilibrium measure consists of two components: i) a continuous density in the bulk proportional to (−a 2 ∆+m 2 )[µ(R)−V (x)], and ii) a possibly nonzero singular component on the surface in the pushed phase. Hence we write
The above educated guess can be now proved to be the correct solution by checking that the E-L conditions are satisfied and by uniqueness of the minimiser. The chemical ‡ The Yukawa gas in dimensions d = 3 in a quadratic potential without hard-wall constraint has been investigated in plasma physics [30] . This special case is recovered by the general solution (14)- (15). potential µ(R) and the excess charge c(R) are fixed by the normalization of R and the E-L conditions, which entail performing the integration in (5) explicitly. Remarkably, the integrals can be evaluated in closed form using properties of the Bessel functions. The result is that µ(R) and c(R) are solutions of the following explicit linear system
Evidently, both µ(R) and c(R) depend on a and m.
In the pulled phase, the singular component on the surface is absent and the equilibrium density R is supported in the ball B R whose radius is the positive solution of c(R ) = 0. In the pushed phase, one can verify that the linear system (15) has a unique solution µ(R) and c(R). We conclude that the measure (14) , with constants given by (15) , satisfies the E-L conditions, and is therefore the unique equilibrium configuration of the gas. The Yukawa equilibrium measure (14) interpolates between the Coulomb and delta-interaction cases: i) in the pulled phase, it is discontinuous at the edge and the discontinuity goes to zero as the ratio m/a increases; ii) in the pushed phase, an excess charge condenses on the surface (as in the Coulomb gas) and the density in the bulk increases by a constant (as in the Thomas-Fermi gas). See Fig. 2 for a comparison of the three cases.
Once R (x) is known, we can compute its energy E[ R ]. We obtain for the excess free energy the remarkably simple formula
From the above expression, it is yet again straightforward to see that (16) recovers Eq. (9) for Coulomb gases (for m = 0 and a = 1) and also Eq. (13) for Thomas-Fermi gases-whose excess charge on the surface is zero!-by taking the appropriate limit
as a → 0, with m = 1. The universal formula (16)-valid for all dimensions, confining potentials and for any range of the pairwise repulsion-is the main result of this Letter. Can a more physical interpretation of it be found?
Energy conservation and order parameter
From basic principles, the increase in free energy of the constrained gas should match the work W R →R done in a quasi-static compression of the gas (with the system in equilibrium with density r (x) at each intermediate stage R ≤ r ≤ R ). In formulae, F (R) = −W R →R , with
where V i = vol(B R ) and V f = vol(B R ) are the initial and final volumes, and p(r) is the pressure on the gas confined in B r . In other words, p(r)Ω d r d−1 dr is the work done on the surface of the ball of radius r being compressed from r + dr to r.
The pressure is given by the normal force F n per unit area, p = dF n /dA, and dF n is in turn equal to the product of the charge contained in a small area dA on the sphere of radius r, times the electrostatic field across dA (the normal derivative of the potential generated by r (x)). For the amount of charge in dA, this is clearly given by c(r)dA/(Ω d r d−1 ). For the field, one has to integrate the equation (−a 2 ∆+m 2 )Φ r = Ω d r over a small cylinder cutting across the surface of the ball. One finds that the field is perpendicular to the surface and given by ∇Φ r (x) = c(r)x/a 2 r d immediately outside the ball, while ∇Φ r = 0 inside the ball (a consequence of the E-L conditions). The discontinuity of the field across the surface is accounted for by averaging the field inside and outside, which provides an extra factor 1/2. Putting everything together, we indeed obtain
recovering Eq. (16) . This basic and universal-albeit previously unnoticed-'energy conservation' argument further elucidates what the appropriate order parameter of this transition is: the 'electrostatic' pressure on the surface of the constrained gas (see Fig. 1 ).
Conclusions
In summary, the free energies of particle systems with pairwise repulsive interaction of type (4) generically display a third-order singularity across the pulled-to-pushed transition. The order parameter of this phase transition is the pressure of the gas, generated by the surface excess charge. This work considerably broadens the universality of the third-order phase transition, and elucidates the order parameter of the phase transition, leading to the universal formula (16) .
The findings reported in this Letter raise several questions. For instance, it would be challenging to compute the subleading corrections in N to the free energies (a rather standard calculation in random matrix theory [2, 3, 6, 16] ) and the crossover scaling functions (analogues of Tracy-Widom, Gumbel, etc.) between the pulled and the pushed phases. See, e.g., [4, 9, 22, 24, 34, 42, 44] .
It is also worth mentioning that there exists a list of phase transitions (not of pulledto-pushed type) associated to constrained log-gases in 
